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The spanwise v o r t e x - l a t t i c e  arrangement i s  mathemat ica l ly  es tab l i shed  by 
l a t t i c e  so l u t i ons  o f  the  s lender wing which a re  shown t o  be analogous t o  t he  
chordwise v o r t e x - l a t t i c e  t h i n  wing so lu t i on .  So lu t ions f o r  any N number of 
panels t o  i n f i n i t y  a re  obtained. With the optimum l a t t i c e  for any N va lue t h e  
s lender wing theory  l i f t  and induced drag and t h i n  wing theory  l i f t  and moment 
a re  p red ic ted  exac t l y .  For N*, s lender wing e l l i p t i c  spanwise load ing and 
t h i n  wing cotangent chordwi se load ing  a re  predicted, which proves there  i s  
mathematical convergence o f  t h e  v o r t e x - l a t t i c e  method t o  t he  exact  answer. 
Based on t h i s  A-to and an A- planform spanwise l a t t i c e  arrangements, an 
A-vortex-1 a t t i  ce spanwi se system i s  developed f o r  a r b i t r a r y  aspect r a t i o .  
Th is  A - l a t t i c e  has the  optimum c h a r a c t e r i s t i c  o f  p r e d i c t i n g  1 i f t  accura te ly  
f o r  any N value. .' 

INTRODUCTION 

Growth of computer f a c i l i t i e s  has given the engineer a powerful t o o l  f o r  
ob ta in ing  so lu t i ons  t o  general i zed  problems. Th is  i s  poss ib le  because w i t h  
numerical o r  f i n i  t e -d i f f e rence  methods the  equat ions o f  a problem can be 
simp1 i f i e d  r e a d i l y  t o  computer language. V o r t e x - l a t t i c e  methods have been 
developed ex tens ive ly  f o r  steady and unsteady pressure p r e d i c t i o n  and f o r  
p lanar  and nonplanar con f igu ra t ions .  Examples o f  some o f  the  work and 
i nves t i ga t i ons  i n  t he  vor tex-1 a t t i c e  method and aspects and app l i ca t i ons  o f  
t h i s  method a re  repor ted  i n  references 1 through 20. A b r i e f  d e s c r i p t i o n  
o f  the t y p i c a l  vo r tex  l a t t i c e  i s  t h a t  the  surfaces a re  d i v i ded  i n  t he  spanwise 
and chordwise d i r e c t i o n s  i n t o  panels which cover the  sur face w i t h  a l a t t i c e .  
The sides o f  the  panels a re  p a r a l l e l  t o  t he  f reestream and the  chordwise panel 
boundaries f o l l ow  the  sur face contour.  The 114 chord l i n e  o f  each panel 
conta ins a bound o r  load  vor tex  w h i l e  the t r a i l i n g  v o r t i c e s  a re  a t  the s ides 
o f  t he  panel. The boundary cond i t i on  o f  no f l o w  through the  surfacc i s  f u l -  
f i l l e d  on every panel a t  one p o i n t  l oca ted  a t  the  l a t e r a l  cen te r  o f  the  314 
chord l i n e  of the  panel. These panels a re  d i s t r i b u t e d  i n  a un i form,  and thus 
geomet r i ca l l y  s implest  mesh, r e f e r r e d  t o  as a planform l a t t i c e .  However, i n  
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1966 an a p p l i c a t i o n  of the  l a t t i c e  method of reference 5 t o  a swept wing showed 
t h a t  the chord load ing  i n  the  panel border ing t he  wing lead ing  edgc was too 
low, the  spanwise load ing  near the  wing t i p  was too h i gh  f o r  engineer ing 
accep tab i l i t y ,  and the  ne t  1 i f t  s l i g h t l y  too large.  Th is  was w i t h  1C0 panels 
on the semispan, 10 chordwise t imes 10 spanwise. I n v e s t i g a t i o n  of  a i a t t i c e  
mathematical model was made a t  t h a t  t ime o f  the  chordwise panel d i s t r i b u t i o n  - .  .. .. ,. 

and l a t e r  repor ted i n  reference 20. The r e s u l t s  o f  t h i s  work showed t h a t  the 
loading a t  the lead ing  edge panel needs a f a c t o r  o f  about 1 . I28 which improved I : 

the loading value i n  t h a t  panel. However,the too h i gh  wing t i p  load ing  and 
l i f t  was no t  explained. I n  e a r l y  1972 a mathematical ly r igo rous  spanwise 
vortex-1 a t t i  ce ana lys i  s was developed based on slender wing theory ( p a r t  of 
r e f .  19). This was mathematical ly analogous t o  the  e a r l  i e r  chordwise s o l u t i o n  
bu t  more compl icated.  This spanwise l a t t i c e  arrangement i s  character ized by 
a 114 - 314 r u l e  which locates the  t r a i l i n g  v o r t i c e s  inboard 114 o f  the  
planform panel span and the  no f low through po in t s  inboard 314 o f  planform 
panel span from the  planform panel outboard edges. This inboard s h i f t  c f  
the l a t t i c e  leads t o  so lu t ions  w i t h  less  loading near the  wing t i p  and l e s s  
1 ift, which improves the loading i n  the above example. This example supports 
the  observat ion t h a t  accuracy depends on the p o s i t i o n  o f  the panels i n  the 
l a t t i c e  as we l l  as dens i t y  of panels. 

The ob jec t i ves  o f  the  present study a re  t o  c o r r e l a t e  and extend the work 
o f  references 19 and 20, t o  i nves t i ga te  the e f f e c t  o f  three-dimensional 
planform on l a t t i c e  arrangement, 
arrangement and method f o r  th ree  

and t o  formulate a 
dimensional wings. 

general i zed  vortex-1 a t t i c e  

SYMBOLS 

A aspect r a t i o  

*e swept panel aspect r a t i o  [eq. (52) ]  

b, c wing span, wing chord 

CL, CLa l i f t  c o e f f i c i e n t ,  l i f t - c u r v e  slope 

C D ~  induced drag c o e f f i c i e n t  

Cjls CR 
sec t ion  1 i f t  coe f f i c i en t ,  sec t ion  1 i f t - c u r v e  slope 

a 

C m a ~  E 
sec t ion  p i t c h i n g  moment c o e f f i c i e n t  due t o  angle o: a t t ack  

eNcnc parameter o f  chordwise loading [eq. (38) ]  

~ c n c  chordwise loading f a c t o r  [eq. (41 ) and t a b l e  51 

G spanwise loading c o e f f i c i e n t  o r  dimensionless c i r c u l a t i o n  [eq. ( I ) ]  

' ~ n  parameter o f  spanwise incremental c i r c u l a t i o n  [eq. (7)] 



Subscr ipts:  

spanwise load ing g rad ien t  f a c t o r  [eq. (19) and t a b l e  2) 

spanwise load ing  f a c t o r  [eq. (22) and t a b l e  31 

i n t e g e r  number of panels on wing semispan, and wing chord r espec t i ve l y  

i n t ege rs  denot ing spanwise p o s i t i o n  o f  vor tex,  and downwash p o i n t  

i n t ege rs  denot ing chordwise p o s i t i o n  o f  vortex,  and downwash p o i n t  

f r e e  stream v e l o c i t y  

angle o f  a t t a c k  

c i r c u l a t i o n ,  a l s o  Gamma f u n c t i o n  

l a t e r a l  coord ina te  per wing semispan 

sweep angle a t  50% chord l i n e  

l o n g i t u d i n a l  coord inate per wing sec t i on  chord 

v vo r tex  

w downwash p o i n t  

L E lead ing  edge 

SLENDER WING OPTIMUM VORTEX LATTICE 

Physical  S i m i l a r i t y  o f  T r a i l i n g  Vortex Sheet Flow w i t h  
Chordwise Thin  Wing Theory Flow 

The o b j e c t i v e  o f  t h i s  ~ t u d j l  i s  t o  do a r igo rous  a n a l y t i c a l  d e r i v a t i o n  
t o  determine t he  optimum spanwise d i s t r i b u t i o n  o f  panels analogous t o  the 
ana l ys i s  done i n  re ference 20 f o r  the  optimum chordwise d i s t r i b u t i o n  o f  
panels. Optimum here defines the  l a t t i c e  which bes t  dup l i ca tes  exact  
so lu t ions .  A phys ica l  s i m i l a r i t y  does e x i s t  between t h e  v o r t i c i t y  d i s t r i b u t i o n  
o f  the  chordwise load ing  w i t h  the t r a i l i n g  vo r tex  sheet from a f i n i t e  span 
wing. Th is  can be seen g r a p h i c a l l y  i n  f i g u r e  1 where t h i n  a i r f o i l  theory  
chord-load v o r t i c i t y  i s  compared w i t h  the t r a i l i n g  v o r t i c i t y  which i s  p red ic ted  
by s lender wing theory  ( r e f s .  21 and 22). I t  has of ten been noted t h a t  t he  
mathematics o f  t h i n  wing and slender wing t heo r i es  have a s t r i k i n g  s i m i l a r i t y .  

-om f i gu re  1, i t  i s  noted t h a t  a s i m i l a r i t y  o f  v o r t i c i t y  i s  obtained 
when Lhe winq t i p  a t  TI = 1 co r re l a tes  w i t h  t he  wing lead ing  edge, and the  



midspan p o i n t  a t  n = 0 cor re la tes  w i t h  t he  wing t r a i l i n g  edge. Since t h i s  
c o r r e l a t i o n  makes the f l o w  f i e l d s  analogous, i t  fo l lows t h a t  the  optimum spat?- 
wise panel d i s t r i b u t i o n  i s  analogous t o  the  optimum chordwise panel d i s t r i b u -  
t i o n  given i n  reference 20. Th is  i s  subject  t o  the cond i t i on  t h a t  the 
d i s t r i b u t i o n  s t a r t  a t  t he  wing t i p  and proceed inboard. Applying t h i s  
cond i t i on  and us ing these d i s t r i b u t i o n  condi t ions,  t he  spanwise panel 
d i s t r i b u t i o n  becomes t h a t  shown i n  f i gu re  2. The determinat ion o f  an optimum 

. 
chordwise panel d i s t r i b u t i o n  i s  made by two-dimensional i z i n g  the  problem t o  4 

planar  f low and thus the  spanwise ex ten t  of the  panel i s  i n f i n i t e .  The optimum 
chordwise panel d i s t r i b u t i o n  i s  t h a t  which y i e l d s  t h i n  wing so lu t i ons  which 
most accura te ly  dup l i ca te  the r e s u l t s  o f  exact t h i n  a i r f o i l  theory.  I n  the  
present work, the determinat ion o f  an optimum spanwise panel d i s t r i b u t i o n  
w i l l  be made by two-dimensional iz ing the problem t o  cross-sect ional  f l ow  
and thus the  chordwise ex ten t  of the  panel i s  i n f i n i t e .  The optimum A-+O 
spanwise panel d i s t r i b u t i o n  i s  t h a t  which y i e l d s  s o l u t i o n  which most 
accura te ly  dupl i ca tes  the resu l  t s  o f  s lender wing theory.  

The ob jec t i ve  o f  t he  present paper i s  t o  apply  the  a n a l y t i c a l  methodology 
of re ference 20 t o  determine the optimum spanwise panel d i s t r i b u t i o n .  This 
d i s t r i b u t i o n  should r e s u l t  i n  an exact p r e d i c t i o n  o f  t o t a l  l i f t  f o r  any 
number of spanwise panels and prov ide spanwise loading f ac to r s .  The chordwi se 
panel d i s t r i b u t i o n  ana lys is  i s  co r re l a ted  w i t h  t h i n  a i r f o i l  theory f o r  the 
determi na t i on  of opt imal accuracy. I n  an analogous procedure the spanwi se 
panel d i s t r i b u t i o n  ana lys is  here w i l l  be co r re l a ted  w i t h  s lender wing theory 
f o r  the determinat ion o f  opt imal accuracy. 

Formulation of Spanwise L a t t i c e  Mat r i x  and So lu t i on  
t o  I n f i n i t y  which S a t i s f y  A l l  Boundary Points  

Slender wing theory eq.~at ions f o r  add i t i ona l  loading ( r e f .  22) a re  

r ( d  - where Ga(n) = - - - bVa 2ba 

Also presented i n  re ference 22 a re  so lu t ions  f o r  f l a p ,  a i le rons ,  and a l l  
spanwise loadings, which can be used t o  eva luate l a t t i c e  accuracy when a 
problem invo lves these types o f  loadings. 

By Biot -Savar t  law, the downwash a t  nwm due t o  an i n f i n i t e  ex ten t  vo r tex  
a t  qvn i s  (see f i g .  2) 

w i t h  v o r t i c e s  located a t  



boundary c o n d i t i o n  po in t s  a t  

w i t h  equat ions (3)  and (4 )  t he  downwash angle a t  21, i s  

(5) 

1 load ing  (am=a), equat ion w i t h  equdtions (3) ,  (4 ) ,  and (5 )  f o r  add i t i ona  
( 5 )  becones 

n=l  

where 

Generalized I nve rs i on  o f  gNn Equ a t i  

Equation ( 6 )  represents N unknowns, g~,, and N Equations. An i nve rs i on  
o f  equat ion ( 6 )  means a l i n e a r  simultaneous s o l u t i o n  o f  N equations. Solu t ions 
f o r  N = 1, 2, . . . can be obtained r e a d i l y  f o r  small N and from the  resu l t ed  
se r ies  formed o f  t he  general s o l u t i o n  can be determined by induc t ion .  For 
N = 1, the  s o l u t i o n  i s  

For N = 2, the  l i n e a r  simultaneous s o l u t i o n  o f  two equations i s  

then, 

These so lu t i ons  a re  done f o r  h igher  va 
Th is  sequence i s  presented i n  t a b l e  1.  
t a b l e  1 shows the  sequence f o l l ows  the  

lues  o f  N u n t  
Examination 

general term 

il a sequence i s  formed. 
o f  the  1 s t  column i n  
o f  



f o r  n = 1: 

I n  the  second column, r a t i o s  of gN2/gNL g i v e s  t h e  sequence 

N = 2 3 4 5 6 

T h i s  shows t h e  general  te rm as [and us ing  gN1 from eq. (9) ]  

f o r  n = 2: 

S i m i l a r l y ,  r a t i o s  of gN3/gN2 g i v e  the  sequence 

Th is  shows t h e  general term as [us ing gN2 from eq. ( l o ) ]  

f o r  n = 3: 

52 3 ~ 3 ~ x 5 ~  ( ~ + 2 )  (N+1 ) (N) (N-1) (N-2) (2N-7)0dd! 
g ~ 3  = - 

2'(2N-5) (2N+5) 2'(2N+5)0dd 

These sequences of gN1, gN2, and gN3 show t h a t  

- - 3 ~ 3 ' ~ 5 ~ ~ 7 ~ ( N + 3 )  (N+2) ( N t l  ) (N) (N-1 ) (N-2) (N-3) (2N-9)odd! 
3 '~2 ' (2Nt7 ) ,~~ !  (1  2) 

Then i n  enera l  t h e  recur rence i s  [ f rom f i r s t  e q u a l i t i e s  of eqs. ( l o ) ,  ( l l ) ,  
and (12)7 



The general term f o r  n e t  values o f  gNn i s  [from second e q u a l i t i e s  o f  
eqs. ( l o ) ,  ( l l ) ,  and (12)] 

Equation (14 i s  an exact mathematical i nve rs i on  o f  the  m a t r i , ,  type represented 
i n e q u a t i o n  /6) .  The equat ion (14) s o l u t i o n  i s  exact f o r  a l : i n te rger  va lue 
o f  N, i nc l ud ing  N equal t o  i n f i n i t y .  

The odd f a c t o r i a l  (2n-l)odd! can be converted t o  d i r e c t  ' ac to r i a l s  by t he  
r e l a t i o n  

where (2n-2)eV! = (2n-2) (2n-4) (2n-6) . . . . = 2"-' (n-1 ) (n- ) (n-3) 

then (21-1-1 )odd! = (2n-1) !/2"' (n-1) ! 

Using equat ion (15) i n  equation (14),  then gNn i n  tsrms o f  conventional 
f a c t o r i a l s  i s  

F a c t o r i a l s  suggest Gamma funct ions.  Extensive r e l a t i o n s  of Gamna 
func t ions  and tab les  a re  presented i n  re ference 23. I n  terms of Gamma 
func t ions  equation (16) become. 

The gNn func t i on  i s  thus expressed i n  three forms g iven by equations 
(14), (16), and (17) respec t i ve ly .  

Gradient o f  Spanwi se Loading 

The spanwise load ing  g rad ien t  i s  [using eqs. (3) and (7)] 



where g ~ ,  i s  given i n  equat ion (16) .  The spanwise pos i t i on ,  vv , i s  g iven by 
equat ion (3 ) .  Comparable s lender wing theory  values o f  ~ ~ l ( n ~ ~ P  a re  obtained 
by rep lac ing  by qv i n  t he  g rad ien t  f u n c t i o n  g iven i n  equat ion ( 1 ) .  Com- 
par ison of equat ion 118) w i t h  the  s lender wing theory  va lue o f  l oad ing  g rad ien t  
shows t h a t  the 1 at t ice-method load ing  g rad ien t  r equ i r es  a f a c t o r .  Th is  f a c t o r  
can be formulated accura te ly  by t h i s  s lender wing s o l d t i o n .  

The 

Numeri ca 1 

load ing g rad ien t  f a c t o r  i s  de f ined  as 

h ~ n  = GA(hvn) s lender wing theory  

GA ('lvn) 

values o f  hNn computed from equations (19)  and (18) a re  presented 
i n  t a b l e  2. These f a c t o r s  a re  very  near u n i t y  except a t  the  wing t i p  
reg ion.  Included a re  values f o r  N- determined i n  a f o l l o w i n g  sect ion.  

Spanwise Loading 

With the vo r tex  p o s i t i o n  s e t  by equat ion ( 3 )  t he  AGNn extends from qVn = 
(n  - 1/4)/N t o ( n  - 1 - 1/4)/N. The midd le  o f  t h i s  segment i s  a t  TI, = 
( n  - 3/4)/N, t h a t  i s  a t  the  same spanwise p o s i t i o n  as the  boundary c o n d i t i o n  
po in t s  g iven by equat ion ( 4 ) .  The spanwise s t a t i o n  01' the  load ing  w i l l  be 
assumed t o  be a t  the  midd le  o f  the  segment, t h a t  i s ,  a t  on. For symmetrical 
loading, the  load ing  a t  wing center  i s  constant  i n  t he  range 
-(1 - 3/4)/N 5 n 5 (1  - 3/4)/N, and the midd le  o f  t h i s  segment i s  a t  n ,  = 0. 

From equat ion ( 7 )  t he  load ing a t  the  n=N segment i s  

At N-1 segment G a ~ , ~ - ~  - -"GNN + A G a ~  ,N-1 - - IT ( g ~ ~  + 'N,N-~ 1 

Thus a t  the  m segment 

where g~, i s  g iven i n  equat ion (16) and i n  t a b l e  1, bu t  w i t h  n=m numbers. 
These loadings a re  a t  the spanwise s t a t i o n s  

"n 
- - 3/4 ; fo r  n > 1 - N 1 

Comparable s lender wing theory  values of Ga(q ) a re  given by equat ion ( 1 )  w i t h  
on o f  equat ion (21 ) .  Comparison o f  equat ion 120) w i t h  the  s lender wing theory  
value of spanwise load ing  shows t h a t  t he  la t t i ce -method  load ing  requ i res  a 



fac tor .  This spanwise loading f a c t o r  i s  def ined as 

i Nn = 
slender wing theory 

Ga (en ) 

Numerical values of iN, computed from equation (22) are presented i n  tab le  3. 
These loading fac tors  are very near t o  un i t y .  Included are values f o r  N*, 

Li f t -Curve Slope and Induced Drag 

The l i f t  r s e f f i c i e n t  i s  the i n teg ra t i on  of the loading coe f f i c i en t ,  then 

Since AGN, i s  constant between qvn and -nvn, then the i n teg ra t i on  f o r  l i f t  i s  
a sumnation o f  the pyramid layers of 2nvn AGNn. Then by equation (23) 

With the AG,Nn given i n  equation (7) and nvn i n  equation ( 3 ) .  then equation (24) 
becomes CL,. The 1 i f t - c u r v e  slope i s  

where g n i s  given i n  equation (16) and i n  tab le  1. With equation (16) 
i nse r te  ! i n t o  (23 )  the l i f t - c u r v e  slope becomes CL, = nA/2 f o r  any value o f  
N. This compares w i t h  the slender wing value given i n  equation (1) .  

I n  a fo l low ing sect ion f o r  NZm i t  i s  proven tha t  CL, = nA/2 fo r  NW. 

The i n d x e d  drag c o e f f i c i e n t  i s  given by ( fo r  constant an) 

where an i s  t h a t  i n  equation (5)  bu t  w i th  changed pos i t i on  o f  n and m. Since 
an=a by the condi t ions o f  equation (6).  and using equation (24). then C D i  = 
C L C J ~ .  I t  was shown by equation (25)  t ha t  CL = nAa/2 fo r  any value o f  N, 
then 



which i s  then a lso  v a l i d  f o r  any value o f  N. Th is  i s  i d e n t i c a l  t o  s lender 
wing induced drag. Therefore, i t  i s  concluded t h a t  t h i s  l a t t i c e  and boundary 
p o i n t  d i s t r i b u t i o n  r e s u l t s  i n  exact i n t eg ra t i ons  f o r  1 i f t  and induced drag f o r  
any i n t e r g e r  N. This exactness was no t  unexpected s ince the  mathematics - I, 
i s  s i m i l a r  t o  the chordwise s o l u t i o n  ( r e f .  20) i n  which the f i r s t  harmonic I ; 
s o l u t i o n  ( e l  1 i p t i c  chord loading)  i n teg ra tes  exac t l y .  

Solut ions f o r  N Approaching I n f i n i t y  

De ta i led  mathematical de r i va t i ons  a re  developed i n  re ference 19. Here 
the r e s u l t s  a re  a d i ges t  o f  the mathematics i n  t h a t  study. The pr imary 
purpose f o r  exp lo r ing  so lu t i ons  a t  N-"" i s  t o  prove t h a t  a f i n i t e  l a t t i c e -  
method so lu t i on  does mathematical ly converge t o  the exact so lu t i on .  I n  t h i s  
problem the  exact s o l u t i o n  i s  e l l i p t i c a l  spanwise loading evaluated from 
slender wing theory. Mathematical p roo f  i s  needed t h a t  the  i n t e g r a t i o n  f o r  
l i f t  remains exact as N-. Asymtotic values o f  the factors  hNn 
and i N n  as K*" are  usefu l  i n  the tab les  o f  these f ac to r s .  As IV- the 
funct ions become so unique and manageable the reader w i l l  f i n d  a mathematical 
exc i  t i ng exper i  ence . 

Equation (16) can be used t o  mathematical ly prove t h a t  spanwise 
d i s t r i b u t i o n  pred ic ted from f i n i t e  elemect loading methods do converge on 
the exact answer as the number o f  elements a re  increased. 

Using the  r e l a t i o n  f o r  l a rge  f a c t o r i a l s  

then equat ion (16) becomes (except a t  the p o i n t  n=N, i .e. a t  q=1 when N=") 

Combining equations ( 3 ) ,  (18),  and (27) r e s u l t s  i n  

Equation (28) i s  the same as the loading g rad ien t  given i n  equat ion(1) by 
slender wing theory.  Thus i t  i s  proven t h a t  as l a t t i c e  panels a re  increased, 
the s o l u t i o n  converges t o  the exact loading.  

With the r e l a t i o n  tha t  



then equation ( 1 7 )  can be expressed i n  the  forms 

N" 
N-n = f i n i t e  (30) 

g ~ , ~ - n  = 3N1I2 r ( N  - n + 1 1 2  
n2 ' l2  r ( N  - n + I )  

Then f o r  N" the spanwise loading gradient  f a c t o r  o f  equation (19) becomes 

N- N- 
n = f i n i t e  N-n = f i n i t e  (31 

r(N-n + 1 )  
h ~ n  = n (N-n + 114)''~r(N-n + 112) 

With the use o f  the ser ies summation 

the spanwise loadins fac to r  

N=" 

i ~ , ~ - n  

o f  equation (22) f o r  N-becomes 

Numerical values of equations (31) and (33) are l i s t e d  i n  tables 2 and 3. 
Examination o f  these equationr ind icates simple re la t ionsh ips .  These 
re la t ionsh ips  extend t o  chordwise loading fac to rs  developed i n  a l a t e r  
sect ion and can be expressed i n  one equation as fo l lows:  

- f o r  N = NC - - 
112 

h ~ n  IN ,N-n+l f ~ c  ,Nc-nc+l 
h ~ , ~ - n  = - - - 

1 - 1 1 6 n )  = [1-1/16(~-n+1)2] ' /~  - 11 - 1 / 1 6 ( ~ , - n ~ - l ) ~ ]  'I2 

For the zero condi t i o n  

= f - 
h ~ ,  (N-n)=0 = 1 .I28379 Nc9(n$)=0 - 7 



For N-n = 1 

For N = - the  expression f o r  C L ~  develops i n t o  the  f o l l o w i n g  s ~ r i e s  
summation: 

This f a c t o r  o f  A12 i s  n, thus CL = nA/2. 
a 

CHORDWISE VORTEX LATTICE 

Formulat ion of Chot-dwi se L a t t i c e  Ma t r i x  and S o l u t i m  
t o  I n f i n i t y  

I n  reference 2d the l a t t i c e  i s  d i s t r i b u t e d  i n t o  equal l eng th  chord 
segments and the chcrd load ing  vor tex i s  loca ted  ~t the 114 po in t s  of each 
of the chord segment:; and boundary c o n d i t i o ?  p o i n t  a t  the  3/4 p o i n t  o f  
each o f  the chord segments. Then the load vor tex chord s t a t i o n  and the  
boundary cond i t i on  chord s t a t i o n  a re  r espec t i ve l y  a t  

where 5 = x/c.  

The load ing equations t o  be solved a re  g iven as, 

where 



The mat r i x  invers ion o f  equation (37) i s  obtained as a f a c t o r i a l  func t ion  I 

I I n  terms o f  Gamna funct ions i - 

-- 
! Numerical values o f  equation (39) are presented i n  tab'e 4. 

Chordwi se Loading Factor 

The exact so lu t ion  by t h i n  wing theory g ives the add i t iona l  loading by 
the func t ion  [using kc defined i n  eq. (36)] 

The chordwise loading f a c t o r  i s  defined by the r a t i o  o f  equation (40) t o  
equation (39). 

(41 . . 

f eNcncthin - c t h i n  - -n +3/4)11 (2nc-1 ) r ( n c t l  ) r(Nc-nc+l ) Y n 
N n  = - - (Nc c 

C C e~ n 
C C 

n 
c nc(2Nc-2nc+l ) (nc-314) 'I2 r (nc+l 12) r (Nc-nc+l/2) 

Numerical evaluat ion o f  equation (41) f o r  a range o f  Nc are given i n  tab le  5. 

Chordwi se L i  ft-Curve Slope and P i tch ing  Moment 

Section wing l i f t  i s  the i n teg ra t i on  o f  the chordwise loading and sect ion 
r;iom~nt i s  the i n teg ra t i on  o f  the product o f  chordwise loading and moment am.  
I n  mathemati cal  representat ion 

, T h e l a t t i c e l o a d i n g i s c o n s t a n t w i t h c o v ~ ? r t h e  i n t e r v a l  

; A C  = ["-(nc-l)]/Nc = l / N c  and the l a t t i c e  load vortex i c  located a t  
c 

kc = (nc-3/4)/Nc along the chord and the moment arm extends t o  t h i s  vor tex.  



Then w i t h  equation (38) equation (42) becomes 

The summation terms i n  equation (43) are 1 i s t e d  i n  tab le  4 which when inser ted 
i n t o  equation (43) show t h a t  the l i f t  and moment f o r  a r b i t r a r y  Nc i s  the same 
as predicted by t h i n  wing theory, t h a t  i s  

Proof t ha t  cka i s Exact a t  A1 1 Values of N 

Inse r t i ng  equation (39) i n t o  (43) resu l t s  i n  

Now r(n+1/2) = (11-112) r(n-1/2);  r(N-n-112) = r(N-n+1/2)/(N-n-112) ; and 

r ( n + l )  = n r (n )  = n!, then 

The Gamma functions and fac to r i a l s  i n  equation (46) show t r A  t h i s  product 
term i s  a symmetric funct ion which i s  factored by an a n t i s y m e t r i c  term 
(brt)/lgm Then some o f  the h igh nc terms cancel the low nc terms. By exi>anding 
the summation a new summation can be formed given by 



%? 

The summation term i n  equation (47) i s  the  Legendre polynomial o f  the f i r s t  

2. k ind  P N ~  (COS O)O=O (see p. 36, r e f .  24) and Py(1) = 1 f o r  any &. Thus the 
2 -  l i f t - c u r v e  slope i s  2n fo,. any Nc which i s  t h a t  predic ted by t h i n  wing theory. 
L 

Chordwise S o l u t i o ~ s  f o r  N- 

For Nc- and nc f i n i t e  o r  Nc-n, f i n i t e  then equation (39) becomes 

For both Nc and nc la rge  [using eq. (29)], equation (33) becomes 

Equation (49) i s  i den t i ca l  t o  the  th;n wing theory add i t iona l  loading given 
inequation (40) and shows t h a t  a chord l a t t i c e  so lu t i on  converges t o  
mathematical exactness as the  l a t t i c e  g r i d  becomes i n f i n i t e .  With equations 
(48), (4O), and (41) the chordwise loading f a c t o r  a t  wing leading edge i s  
given by ( f o r  Nc-) 

; This func t ion  i s  i d e n t i c a l  t o  t h a t  o f  equation (31 ) when nc-1 = N-n, and i s  
l i s t e d  i n  equation (34). With equations (48), (40), and (41 ),  the chordwise 



1 cad 

This 

i n g  f a c t o r  a t  wing t r a i l  

f unc t i on  i s  i d e n t i c a l  
i s  l i s t e d  i n  equat ion (34). 

ng edge i s  g iven by ( f o r  Nc+-) 

o  iN,N-,, of equat ion (33) when Nc-nc = N-n, and 

A,-VORTEX LATTICE 

Dependency o f  Spanwise L a t t i c e  on E f f e c t  o f  
Aspect Ra t i o  

As aspect r a t i o  approaches zero the  spanwi se optimum l a t t i c e  arrangement 
i s  t h a t  def ined by equat ion ( 3 ) ,  t h a t  i s  a t  r\vn = (n-1/4)/N. As aspect 
r a t i o  approaches i n f i n i t y  the spanwi se l a t t i c e  arrangement i s  the  planform 
l a t t i c e  which pos i t i ons  the t r a i l i n g  v o r t i c e s  a t  nvn = n/N, t h a t  i s  a t  the  
outs ide edge of the l a t t i c e  panel i nc l ud ing  a  vor tex a t  the  w ing t i p .  This 
i s  because a t  A = a the  spanwise load ing  has the  same d i s t r i b u t i o n  as the 
wing chord along t he  span. This h i gh  loading near the wing t i p  (when A = a)  
must be taken i n t o  account by the  l a t t i c e  t r a i l i n g  vo r t i ces .  The o b j e c t i v e  
here i s  t o  develop an aspect r a t i o  f u n c t i o n  f a c t o r  f o r  the l a t e r a l  panel 
pos i t i ons  which asympto t i ca l l y  approaches the c c r r e c t  values a t  A e 4  and a t  
A,-. The subscr ip t  e  denotes the  e f f e c t i v e  swept panel aspect r a t i o  given 
by 

The planform l a t t i c e  (sVv  = n/N) i s  the l a t e r a l  l a t t i c e  arrangement t h a t  
has been i n  general use i n  most v o r t e x - l a t t i c e  methods. 

i 
An aspect r a t i o  equal t o  f o u r  i s  about an aerodynamic mean between 

01Ae5w. Loading values based on the A e 4  l a t t i c e  and on the  Ae* l a t t i c e  w i l l  
be computed f o r  an Ae = 4  rectangular  wing. Comparison w i t h  t he  load ing  
pred ic ted by an accurate ana lys is  w i l l  e s t a b l i s h  the  A -e f f ec t  f u n c t i o n  t h a t  i s  
needed. By Biot -Savar t  law the downwash due t o  an unskewed horseshoe vor tex 
i s  

Where 60 = cwm, - Cvnc9  and Gnnc i s  the  dimensionless vor tex str-ength o f  the  
elemental horseshoe vor tex.  For Nc = 1  so lu t ion ,  50 r e m a i ~ s  constant equal t o  
1/4 f o r  A = 4 .  qAn i s  the l a t e r a l  middle o f  the n  pancl .  Foi- the slender 
wing (Ae+O) l a t t i c e  use 
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For the planform l a t t i c e  use 

- n - - m-112 - -  
"vn W 9 "wm N ' " ~ n  = 0 

The equation t o  be solved f o r  add i t iona l  loading f o r  an Nc = 1 solut ion,  
A = 4 rectangular wing i s  

Wing l i f t - c u r v e  slope i s  determined from equation (24) and wing loading 
by equation (20) w i th  which 

where f o r  the A 4  l a t t i c e  i values are given i n  tab le  3, wh i le  f o r  the 
planform l a t t i c e  iNn are a l P u n i t y .  Results o f  the solut ions o f  equation 
(56) w i t h  the A e 4  l a t t i c e  o f  (54) and w i t h  the  planform l a t t i c e  o f  (55), 
f o r  increasing N, are presented i n  tables 6 and 7. An accurate loading 
pred ic t ion  o f  t h i s  A = 4 rectangular wing i s  made i n  reference 19. From 
reference 19 

Percent d i f fe rencer  from the values of equation (58) are shown i n  tables 6 and 
7. For t h i s  A = 4 wing the A 4  l a t t i c e  has less  than one-half the e r r o r  o f  
the planform l a t t i c e .  

Spanwi se Ae-Vortex L a t t i c e  

Since f o r  the A = 4 wing the A 4  l a t t i c e  pred ic t ion  i s  too small and the 
planform (A*) l a t t i c e  pred ic t ion  too la rge  then a fac to r  can be developed 
between the two which forms the basis o f  spanwise Ae- la t t i ce  arrangement. 
This f a c t o r  i s  21-, then f o r  the A e - l a t t i c e  



where A i s  defined i n  equat ion (52) and q,, i s  the  spanwise p o s i t i o n  o f  the  
compute$ loading d i s t r i b u t i o n .  These spanwise l a t t i c e  panel pos i t i ons  
asympto t i ca l l y  approach the  A+O l a t t i c e  and the  planform l a t t i c e  as A 4  and - 
respec t i ve ly .  With equat ion (59) the so lu t i ons  o f  equat ion (56) f o r  l i f t  and 
load ing  a re  l i s t e d  i n  tab les  6 and 7. With t he  A e - l a t t i c e  the  p red ic ted  l i f t  
and loading i s  accurate f o r  a l l  N's which was the  bas is  f o r  the  term 
optimum appl ied t o  the A 4  l a t t i c e  awl chardwise l a t t i c e .  Equation (59) i s  
s imply a mathematical statement t h a t  r e l a t i v e  t o  the planform l a t t i c e  a l l  the  
panels are s h i f t e d  inboard by 1/2N-, and t h a t  t he  downwash p o i n t  i s  a t  the 
l a t e r a l  center  of each panel except i n  the  wing r o o t  panel. 

Appl i c a t i o n  o f  the  Ae-Vortex L a t t i c e  

For a u n i f o l i  vor tex l a t t i c e ,  the  elemental ckewed horseshoe vor tex 
l a t e r a l  p o s i t i o n  a t  the t r a i l i n g  v o r t i c e s  i s  g iven by qvn i n  equat ion (59) and 
the chordwise p o s i t i o n  by cvCc i n  equation (36).  The downwash po in t s  are 
pos i t ioned  l a t e r a l l y  a t  nr~m i n  equation (59) and chordwise a t  (mc i n  
equat ion (36).  L e t  rnnc be t k  unknown c i r c u l a t i o n  s t reng th  of the  elemental 
skewed horseshoe vortex.  For symmetric wing load ing  rnn  i s  determined from 
an NNc ma t r i x  so lu t i on  which satisfiesNNc downwash p o i n t  6oundary condi t ions.  
The pressure c o e f f i c i e n t  a t  span s t a t i o n  nn i n  equat ion (59) and chord 
s t a t i o n  cvnc = (nc-3/44)Nc i s  given by 

where spanwise and chordwise load ing  f ac to r s  a re  inc luded [eq. (59), tab les  3 
and 51. Now 

then the spanwise load ing  a t  qn of equat ion (59) i s  



which inc ludes the spanwise load ing  f a c t o r  [eq. (59), t a b l e  31.  The spanwise 
loading g rad ien t  a t  span s t a t i o n  nvn i n  equat ion (59) i s  

where r n  i s  g iven i n  equat ion (61) and where the  spanwise load ing  g rad ien t  
f a c t o r  i s  g iven by 

hANn = 1-(1-h ) 2 
Nn J , w i t h  hNn i n  t a b l e  2. 

e 

The l i f t  c o e f f i c i e n t  i s  [rn from eq. (61) ]  

The induced drag i s  g iven by 

where rn i s  g iven i n  equat ion (61). For spanwise loading d i s t r i b u t i o n  a l ready 
known then equat ion (65) provides a c o n v e ~ i e n t  method f o r  p r e d i c t i n g  induced 
drag. For t h i s  case r )atnn i s  known then rn i s  determined from equation (62) 
f o r  a p p l i c a t i o n  i n  ( 6 1 ) .  

CONCLUDING REMARKS 

The app l i ca t i on  o f  t he  v o r t e x - l a t t i c e  method t o  the  slender wing conf igu-  
r a t i o n  has provided a r igo rous  a n a l y t i c a l  bas is  f o r  t he  spanwi se p roper t ies  
o f  the v o r t e x - l a t t i c e  method. Mathematical s imi 1 a r i  t i e s  a re  shown between 
the spanwise panel l a t t i c e  s o l u t i o n  and t he  chordwise s o l u t i o n  which con- 
verge t o  t h i n  winq theory resu l t s .  As the  number o f  chordwise panels approaches 
i n f i n i t y ,  t h i n  wing theory chordwise load ing  i s  p red ic ted  exac t l y  except i n  
the 1 i m i  t po in ts  exac t l y  a t  the  lead ing  edge and a t  the  t r a i l i n g  edge. A t  



these two points  chordwise loading fac tors  are mathematically evaluated which 
are useful  i n  f i n i t e  panel solut ions. S imi la r ly ,  as the number o f  spanwise 
panels becomes i n f i n i t e ,  slender wing theory spanwise loading i s  predicted 
exact ly  except a t  the po in t  o f  the wing t i p .  A t  t h i s  po in t  a spanwise loading 
fac to r  i s  mathematically determined from a l i m i t  so lut ion.  The presentat ion 
i n  t h i s  paper i s  based on a planform uniform d i s t r i b u t i o n  o f  panels chordwise 
and spanwise. I n  a discussion i n  1972 M r .  W .  B. Kemp, Jr .  o f  NASA-Langley 
said he had found t h a t  the chordwise v o r t e x - l a t t i c e  so lu t i on  gave an accurate 
in tegrated 1 i f t  f o r  an a r b i t r a r y  planform panel d i s t r i b u t i o n  along the chord. 
As pa r t  o f  the present work t h i s  was invest igated and i t  was shown t h a t  using 
the 114 - 314 r u l e  f o r  l oca t i ng  the vortex and downwash po in t  i n  the planform 
panel, the chordwise l i f t - c u r v e  slope o f  2n and a lso the spanwise slender wing 
value of ~ A 1 2  are predic ted f o r  any d i s t r i b u t i o n  o f  planform panels on the 
wing and for  any t o t a l  number o f  panels. However, the loading d i s t r i b u t i o n  
factors are not as near un i ty .  The aspect r a t i o  e f f e c t  on spanwise l a t t i c e  
arrangement has a weak chordwise counterpart f o r  a chordwise l a t t i c e  
arrangement. An i n i t i a l  study o f  t h i s  e f f e c t  ind icates t h a t  the chordwise 
l a t t i c e  arrangement d i f f e r s  when aspect r a t i o  i s  less than un i t y .  I n  
conclusion, the A,-vortex-1 a t t i c e  arrangement o f  the previous sect ion  provides 
a uniform uncomplicated, accurate system. It leads t o  computations w i t h  a 
high accuracy t o  work r a t i o .  
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TABLE 1 . - gN, , SPANWISE SOLUTIONS OF EQUATION ( 6 )  

TABLE 2. - hN,, SFANW I S E  LOADING GRADIENT FACTOR 



TABLE 3.  - IN,, SPANWISE LOADING FACTOR 

TABLE 4 .  - e , CHORDWISE SOLUTIONS OF EQUATION ( 3 7 )  
Ncnc 

NC 
N 

C 



TABLE 5. - fN , CHORDWISE LOADING FACTOR 
C C 

TABLE 6 .  - L A T T I C E  COMPARISONS FOR P R E D I C T I N G  
CL , A=4 RECTANGULAR WING 

a 

TABLE 7 .  - L A T T I C E  COMPARISONS FOR P R E D I C T I N G  CP A= 4 RECTANGULAR WING 5' 

planform l a t t i c e  

c~ a A C ~  a ,C 

4.4904 22.61 
4.1267 12.68 
3.9629 8.21 

I planform l a t t i c e  I A - 9  l a t t i c e  I 

' A 4  l a t t i c e  

L bCL 9 %  

a a 

3.2523 - 1 1 . 2  
3.4914 - 4.67 
3.5367 - 3.43 

A e - l a t t i c e  

CL nCL 9 %  

a a 

3.6176 -1.22 
3.6787 .45 
3.6622 0 
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Figure 1.- Comparison of chordwise loading with spanwise loading gradient .  
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Figure 2 . -  Spanwise panel d i s t r i b u t i o n  for  N = 4 ,  and locat ion  of t ra i - l ing  
vortex of 114 panel width i n  from wing t i p ,  and locat ion  of boundary 
point a t  314 panel width i n  from wing t i p .  




